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The revised Enskog equation for a dense gas of rough spheres is considered. The
H theorem and the conservation equations are discussed.
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1. INTRODUCTION

In the classical kinetic theory of rarefied gases,!’ the assumption is made
that molecules possess only translational kinetic energy and that the proper
volume of the molecules is negligible in comparison with the volume
occupied by the gas. These assumptions imply that the gas so described is
monatomic and dilute.

If the first assumption is abandoned, it is necessary to introduce new
variables which describe the internal degrees of freedom. The treatment
then becomes very complicated; the simplest case is that of molecules
described as rigid spheres perfectly rough and perfectly elastic. This model
was first suggested by Bryan® in 1894,

Concerning the second assumption, relatively simple mathematics is
obtained by assuming that the molecules are rigid spheres and that the
density effects are correctly described by taking into account the finite
separation between the centers of the molecules at collision and the reduc-
tion of the volume where the center of a molecule may be because of the
finite volume occupied by the other molecules. This kind of model was
proposed by Enskog® in 1921. Recently the Enskog model was revised by
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some authors“® in order to obtain a more coherent theory. The revised
Enskog equation was shown'!”) to admit an H theorem analogous to the
usual one valid in the case of rarefied gases.

An Enskog equation for a gas of rough spheres was introduced in
1966® in order to describe a dense gas of polyatomic molecules.

In the present paper the revised Enskog equation for rough spheres is
considered; the H theorem and the conservation equations are discussed. In
particular, the stress tensor is shown to be nonsymmetric.

2. DYNAMICS OF A COLLISION

The Bryan model,*®) according to which a molecule is a sphere whose
mass center coincides with the geometrical center and the corresponding
inertial ellipsoid is a sphere, possesses an advantage over all other models
of rotating molecules in that no variables are explicitly required to specify
its orientation in space.

The statement that the molecules are perfectly elastic and perfectly
rough is to be interpreted as follows. When two molecules collide, the
points which come into contact will not in general possess the same
velocity. It is supposed that the two spheres grip each other without
slipping; first each sphere is strained by the other, and then the strain
energy is reconverted into kinetic energy of translation and rotation, no
energy being lost; the effect is that the relative velocity of the spheres at
their point of contact is reversed by the impact.

Let m and a be, respectively, the mass and the diameter of a molecule;
let 7 be the moment of inertia about the diameter and let k£ be defined by

k = 4I/ma’ (2.1)

Let us denote by v,, v,, ®,, ®, the center-of-mass velocities and the
angular velocities of two molecules before collision, and by v}, v5, ©}, ®)
the velocities after collision. Let £ be the unit vector in the direction of the
line from the center of the first molecule to that of the second at collision.
Let V denote the relative velocity before impact of the points of the spheres
which come into contact:

V=v,+iag A 0,— v, +1ae A 0 (2.2)

Since the relative velocity is reversed at collision, we have

V= —v,—lag A 05+ v —lae A @) (2.3)
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The linear momentum and angular momentum conservation equations give

vi=vi+ {kV+e(e-V)}/(k+1) (2.4)
vi=v,— {kV+e(e-V)}/(k+1) (2.5)
o =0,+2(e A V)alk+1) (2.6)
o,=0,+2(e A V)/alk+ 1) 2.7

Inserting the value of V given by Eq. (2.2), we find from Eqgs. (2.4)}-(2.7)
the final velocities as a function of the initial velocities. It is easy to verify
that kinetic energy is conserved. Because of Eq. (2.3), Egs. (2.4)-(2.7) also
give the initial velocities as functions of the final ones.

In the kinetic theory for smooth molecules, use is made of the fact that
in correspondence with every collision in which the initial and final
velocities are vy, v,, and v{, v5 and the direction of the apsidal line is given
by the unit vector &, there is an inverse collision such that the initial and
final velocities are v, v5 and v,, v, and the direction of the apsidal line is
given by —e. For the rough spheres no such inverse encounter exists, as
can be seen from (2.2)-(2.7).

It will be useful in the following to introduce the symbols v¥, v¥, o¥F,
o in order to denote the initial velocities in a collision of apsidal unit
vector —g leading to the final velocities v,, v,, ®,, ®,. The values of
v, v¥, of, of are casily obtained as functions of v, v,, ®,, ®,, by using
Eqgs. (2.2)-(2.7).

If we introduce

—_ _ R
Vi2=Vy— Vs, V2=V —V), vh=v{—v} (2.8)
we easily obtain

V' 8= —Vp 8= —~v§ ¢ 2.9)

Moreover,

dv,dv,dw, do,=dv| dv}, do| do)=dvf dv} do} do? (2.10)

3. THE BASIC EQUATION

Enskog pictured a dense gas as a collection of hard spheres colliding
with each other. The difference between a dense and a dilute gas described
by the traditional Boltzmann equation essentially lies in the following:
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(a) The centers of the molecules are not assumed to coincide at a
collision and the fact that they are at a distance of a sphere diameter is
taken into account in the collision term.

(b) Although the triple collisions of hard spheres are a set of zero
measure in the set of all collisions, the fact that two colliding molecules are
close to other molecules produces a mofidication in the collision rate. In
fact, the two-particle distribution function cannot be taken equal to the
product of two one-particle distribution functions any longer.

If we repeat Enskog’s procedure for a gas of hard, rough spheres, we
are led to

ofy . .oh ofy

= —_ 2L JE 1
at+v1 ar1+F avl J (fl’fZ) (3 )

where f,(r,, v;, ®,, 1) is the one-particle distribution function, r, and ¢ are,
respectively, particle position and time, and F is the external force per unit
mass, assumed to be such that (6/dv,)-F =0; the collision operator J& is
defined by

JE(f, fi)=a’ f dv,do, d*e(ev,,) O(gv,,)

X [gz(rl,rl—as)fl(rl,v{",m;“, t)
X fl(rl_asa V;‘, (J);‘, t)_gZ(r17r1+a8)
X filry, vy, 04, 1) fi(r, +ag, v, 0,, t)] (3.2)

where @(x) is the Heaviside function, and g, is a functional of the local
density to be defined below. In the case of the original Enskog equation®®)
g, is the equilibrium pair correlation function, calculated for the local
density at point (r; +r,)/2. More recent investigations*”) have slightly
modified this prescription, retaining the approximation that the
correlations in the system are due to the excluded volume between the
spheres, the correlations between velocities being neglected. The modified
equation was shown® to be superior to the original Enskog equation
because it leads to transport coefficients consistent with the Onsager
relations. Another important result is the proof of an H-theorem for the
dense gas of smooth spheres in the case of the modified equation,”’ while
no proof exists for the original Enskog equation. In order to define g, and
prove the H theorem for the rough-sphere gas, we must extend to this case
some definition introduced!” for smooth spheres. There is no rigorous
derivation of the Enskog or modified Enskog equation. Here we consider
the particular form adopted for the collision term as an axiom on which to
base the mathematical theory.?
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It is assumed that, at all times, the reduced distribution functions
of the system can be calculated from the following (grand canonical)

distribution function
N

px=(1/N1) H ﬁ (t)/E(t), N=0,1,2,. (3.3)

where the normalization factor Z(¢) is given by

0

=Y fdrN M e,11 Wi (3.4)

N=O i>j=1 i=1

and the following notations have been introduced:

60,=06(r;—a), ryp=Ir,—1 (3.5)
Wi(t)=W(r, v, o;t) {(3.6)
dFN_"=dl‘,,+1 ceedtydvy, - dvyde, - doy (3.7)

Conventionally, empty products in Eq. (3.4) are replaced by 1 and no
integration is performed if dI"™ reduces to dI™°.

We remark that Eq. (3.3) may be not valid in a set of zero measure,
which includes the postcollisional states. This circumstance is irrelevant for
the equations to be used in this paper.

The function W generates the reduced particle distribution functions
according to the rule
Z L (N— n)'

FoalT ey By Vigeey Vi @, @, ) = JdFN "oy {3.8)

In the case of a rarefied gas governed by the Boltzmann equation, W
reduces to f;, while here there is a functional relation between W and f,
given by Eq. (3.8) with n=1,

Sik, v, o5 )= fi(r | W(1)) (3.9)
It is convenient to define the quantity

CD

bty 2= 3 o far e 16, [T i}z

i>j=1 i=n+1
(3.10)

where
2,(r; t)=fdv do W(r, v, o; 1) (3.11)

We remark that b, =Z.



660 Cercignani and Lampis

We can rewrite Eq. (3.9) as
filr, v, @ 0) =W, vy, 05 0) by(ry | z,(1)) (3.12)

and by integrating over v,, @, we find a relation between z, and the local
density n(r, t) defined by

n(r, t)zjfl(r, v, ;1) dv do (3.13)

The relation under consideration gives # in terms of z,,
n(ry; 1) =z,(ry; 1) by(ry|2,(2)) (3.14)

This equation is the same as the expansion of the local equilibrium density
in terms of z, for a gas of hard spheres in an external field, discussed at
length in the literature.") It is known, in particular, that this relation can
be inverted [see Eq. (5.6) of ref. 117 to yield a positive z, for an arbitrary
positive density a(r, ¢). Hence z, can be considered functionally determined
in terms of n,

zy(r; 1) = z,(xn(2)) (3.15)

and Eq. (3.12) immediately delivers W in terms of f;.
In the case n=2, Eq. (3.8) gives

ST, Ty, ¥, Vs, 0y, @, 1)
=Wr, vy, o5 1) W(r,, vy, @55 1) by(ry, vl z4(2)) (3.16)
Equations (3.12) and (3.16) give
fHr, s, v, v, 0, @, 1)
=g,(ry, vy n(1)) fi(r, vy, 05 1) f1(ry, vy, 0,5 1) (3.17)
where g, is defined by

_ by(ry, vyl z,(2))
g2t w2 ) = e ) Br e 220) (3.18)

and g, is written as a functional of the density because of Eq. (3.15).

4. THE H THEOREM

An H theorem has been recently proved by us'? for a rarefied
polyatomic gas, of which the rarefied gas of rough spheres is a particular
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case. An H theorem has been proved by Résibois”) for the revised Enskog
equation in the case of smooth spheres. Résibois has given a definition of
the H function that we extend to the case of rough spheres,

H(t)= i Jdr ot LN pp(0)] (4.1

It is possible to show that
H(t)= H*(t)+ H*(1) (4.2)

where the “kinetic” part H* is
Hk(z)=fdr1 dvy do, fi(r,, v, o, O[ln fi(ry, vy, 0, ) —1]  (4.3)
and the “potential” part is
(1) = ~In &(1)+ [ dr, n(x,, )1~ Inby(r,]2,)] (4.4)

It is easy to verify that in the limit of a rarefied gas H reduces to the well-
known Boltzmann H function. We shall study the time derivative of H.
Concerning H” we have the same result as in the case of smooth spheres,
that is,?

o,H(t)= —I(1) (4.5)
where

I0)= [ dr, dr; 22 6(r,— a) g3(r, 12 (1)

< n(rs, 1) [ dv, dey vy filrs, v, 4, 1) (46)

For the kinetic part we have, under the usual assumption concerning the
behavior at large speeds and distances,

0,H (1)= | dr, dv, do, (In £,) ¥/, £1) (47)

We introduce the notations

FiE(risviami)s F*_(rzavz s z*)’ F;E(l',-, V,{, (!):) (48)
dli=dr,dv;dw,, dl'¥=dr,dv? do}, dl'/ =dr;dv;do; (4.9)

822/53/3.4-8
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Equations (4.7) and (3.2) give
6 HHN0)=a [ dy &% [In f(Iy, )](2 Vi)

X O(g"vy,) ga(ry, 1y n(1))[(r,, — ag)
x fll'f ) ful 5, 1) = 0(rp +ag) f1(Ty, 1) fi(1,, 1)]dl, (4.10)

where, since no inverse collision exists, it is nor possible to replace v*, o*
by v/, ’. At this point we use /¥, '), and ¢* = —g as new integration
variables in the term involving (r,, — ag). If Egs. (2.9) and (2.10) are taken
into account, the latter term becomes

azfdfl* drs d%* [In f,(Iy, )1(e* - vE)

X O(e* - vly) go(ry, 1) 0(rp +ag*) fL(TF 8) /LT, 1) (4.11)

We recall that v, o are the final velocities in the collision with initial
velocities v*, ®* and apsidal unit vector g£*, while v/, @’ are the final
velocities arising from v, @, €. Accordingly, changing the variable names in
(4.11) gives

fl(rla t)
AT

X ga(r1, 1) 8(r +ag) [l 1) fil2, 1) (4.12)

From this point on the proof is similar to the case of smooth spheres.

In Eq. (4.12) we exchange variables I"; and I', and at the same time
we use —g as a new integration variable.

Because of Egs. (2.2) and (2.4)-(2.7), v| and ®} become v5 and ®; and
Eq. (4.12) takes the form

0, H (1) = —a? j dr, dr,d%n

(8-v12) Ole-vy,)

Sill', 1)
il 1)

X ga(ry,13) 6(rip+ag) fi(1'y, 1) f1(13, 1) (4.13)

Equations {4.12) and {4.13) together provide a further expression for the
time derivative of H*:

3, H ()= ;aﬁdrl dr, d’In (£ ¥1,) O£ Vy,)

filly, ) (T3, 1)
ST, ) fiI3, 1)

X go(ry, 15) 6(ryy +ag) fi(Iy, 1) f1(I3, 1) (4.14)

2
8, H (1) = —-‘;—j dr, dr,d% In (8+V1) Oe*Vy2)
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Making use of the inequality
x(lnx—In y)=x—y, (x, »)>0 (4.15)

where the equality sign holds only when x = y, we obtain
6,H"(t)<%a2JaT1 dry d% (£ v,,) Oe* v,2)
x LA, 0) fi(ls, 0) = [l 1) [i(1, 1)]

X g5(ry, 1) 6(r, + ag) (4.16)

In the first term of Eq. (4.16) we use /7| and [", as new integration variables
and then drop the primes.
Since O(—¢,v,,)+ O(g, v;5) =1, Eq. (4.16) becomes

0. H (1) < —%azfdrl dr, d% (- v,,)

x fill'y, 1) 115, 1) g5(xy, ¥3) 0(x 5 + ag) (4.17)
Performing the integral over & and exploiting the properties of the Dirac

function gives

o, H (1)< !

2_ajdrl dlr; gy(ry, 1) 0(rip—a)ryy vy, i) fi(1;) (4.18)

Then we have
0, H* < I(1) (4.19)
Equations (4.5) and (4.19) lead to the following result:
d,H<O0 (4.20)

ie., to the H theorem for a dense gas of rough spheres. In the rarefied case
the proof reduces essentially to that of Condiff et al."*¥)

5. THE CONSERVATION EQUATIONS

Let us multiply Eq. (3.1) by a function ¢ =¢(v,, ®,) and integrate
over v; and o,. The left-hand side gives

ﬁiﬁJrj_,n;’;v—l_n(vl.qu‘JrF.a_‘i‘) (5.1)

ot ory vy
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where for any ¥

n(r, )90, 0= [ Y, 0,0 v, 0,10 dv, do,  (52)

We introduce the notations
yiE(vis (Di)a ’Vi*E(vi*a (Di*)a '}),’E(V;, 0‘)1,) (53)

dy,=dv,de,  dyf=dv*der, dy=dv,do! (5.4)
the right-hand side gives
nAg= [ () J(fi, f1) dy

=a® [ dyy dy, $(3,) d% (& v,2) Oz ¥,2)

x [ga(ry,ry —ae) fi(ry, v§) fi(r, —ag, y5)
— gary, vy +ag) fi(ry, yy) fi(r, +ag, 7,)] (5.5)

In the first term of (5.5) we use y* and €*= —g& as new integration
variables. Keeping in mind Egs. (2.9) and (2.10), we obtain

a’ f dyf dyf d’e* ¢(y,)(e* - vy) O(e* - vYy)

X &(ry, i+ as*) fi(ry, y¥) fir, +ag*, yF) (5.6)

We replace yf, y¥, €* with y,, y,, & then y, must be replaced by y.
Equations (5.5) and (5.6) give

nd¢=a’ f dy, dy, d%e [$(v1) — ¢(y1)1(&v12) O(2-vy,)

x [&a(ry, i +ag) fi(ry, yy) filr, +ag, 75)] (5.7)

We remark that Eq. (5.7) for ¢(y)=1 becomes 4¢ =0 and then, together
with Eq. (5.1), provides the continuity equation

6p 6 . —_—
where
p(r, 1) =mn(r, 1) (59)

o(r, 1) u(r, 1) =vaf1(r, v, 1) dy (5.10)
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In Eq. (5.7) let us exchange y, and y, and use —¢ as a new integration
variable, we obtain

nd¢=a’ J dy, dy, d% [4(72) — $(72)1(8 V1) O vy2)

x go(ry,ry—ag) fi(ry, v;) fi(r, —ag, y;) (5.11)

We assume now that the function ¢ is a collision invariant, i.c., satisfies the
equation

$(v2) = #(r2) = —[d(¥1) — 6(71)] (5.12)

This wil occur for the following choices of ¢: ¢, =mwv, (i=1,2,3) or ¢, =
imv® + Hw?; the case @y, ,=eyurmu,+ 1o, (i=1,2,3), where ¢, is the
permutation symbol, is different because ¢, , ; depends also on r and will be
dealt with later.

Equations (5.12), (5.11), and (5.7) give

ndp=1a* [ dy, dyy % [9(1) = 6() (5 ¥10) O V12)

x [ga(ry, 1, +ag) fi(ry, y0) fi(r, +ag, y,)
— gy(ry, vy —ag) fi(ry, y,) fi(r —ag, y,)] (5.13)

It is easy to see that Eq. (5.13) in the limiting case of a negligible molecular
diameter (a— 0) provides n 4¢=0 and therefore, with Eq. (5.1), the
well-known balance equations for mass, linear momentum, and energy. In
the case of a dense gas, (5.13) for ¢ # 1 does not vanish and then the
balance equations do not take an obviously conservative form. This is due
to the fact that collisions transfer instantaneously momentum and energy
from one point to the other. It is remarkable, however, as we are going to
prove, that it is possible to reestabilish the conservative form by imagining
that this nonlocal effect is mediated through local transfers of linear
momentum and energy. To this aim, we shall introduce, in the contribution
of the collision term to the balance equations, a convenient representation
which calls into play the intermediate positions between the centers of two
molecules at contact (positions that cannot be occupied by the centers
themselves).

Since g,(r,, r,) is a symmetric function, Eq. (5.13) can be rewritten as
follows:

nag == [ dyy dy, d% [901) = 400 (e v1z) O Vi)
X f: dagaa [go(r; —(a—oa)E, 1, +08)

X fi(r;—(a—a)e, yy) fi(r; +ag, 75)] (5.14)
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We define
p=oag,  a=|p| (5.15)
Then we get
0 0
=g 1
2 op (5.16)

nag=5 [ dvidys s [ dn[97) ~ 9(7)]

G,
X (V) 9(3"'12)8'6_p [gor,+p—ag,r,+p)

X filry+p—ag,y;) filr +p,72)] (5.17)

Now, since

0
5'% L&t +p—ag r,+p) fi(r; +p—as y,) fi(r, +p,72)]

0
=8’T[82('1+P_a£’r1+9)
1

X fi(ry+p—ag, ) filr; +p, 72)] (5.18)

and since we are at present considering collision invariants independent of
r,, we obtain

0

n A= [ dyydvad’e [ dx 1601) ~601)]

X (€:v,) O vy,) e[ gy(r; +p—agr, +p)
X filx, +p—ag, y,) fi(r; +9,7,)] (5.19)

It is particularly interesting to consider the cases of ¢,=mv, and ¢, =
imv* + LIw?, which provide the balance equations for the linear momentum
and energy. In the case of ¢;, Eq. (5.19) gives

lij
nAmv= ——-p° (5.20)
or,
where the tensor p° is

2

a a
pr= = m [ dyydy, e | da (vi—vi) elevia)

X (& v)[gar, +p—ag,r, +p)
x fry+p—ag, y) f(ri+p72)] (5.21)
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and the balance equation for linear momentum is

0

0
5; (P05 (puu+p)=pF (5.22)

or,
where
p=p*+p° (5.23)

and p* is the kinetic contribution to the stress tensor,

pA(ry, 1) =m [ ecfy(ry, 7, ¢ (5.24)

Here
c=v—u {5.25)

p° may be interpreted as the contribution to the stress tensor due to the

intermolecular collisions. We remark that in the case of rough spheres,

vi—v; is given by Eqgs. (2.2} and (2.4), so that p° is not symmetric. In the

case of smooth spheres, vi —v, = —g(g-v,,) and p° becomes symmetric.
Let us consider the case ¢ =¢@,. If ¢’ =v' —u, it follows that

1P —vH)=4cP—cA)+ulc;—¢y) (5.26)
Thus, (5.19) gives
0 0
APy = ——y.p¢ — — s¢ .
R (527)

where
2
i a
§¢= ——i—jdyldyzdzs
a m. 1
X Jo do [5(512_0%) 5 [o?—o ):' €°V,) O vy,)

X gyt +p—ag, v +p) filr, +p—asg,y,) fi(ri+p,7,) (528)

The balance equation for energy is

0 1, 1 0 1 1
—_— — —Jw? - A 222 12
at[p<2u +2 w0+e>:‘+arj|:pu{<2u +2Iw0+e)

+u,(pj"1+pj?,)+(sj’?+s;)]=pﬁ}vj (5.29)
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where ®, is the average value of @, and the internal energy e and the vector
s* are defined by

1 1
p(r, t)e(r, 1) =J |:—2- me? +§I(u)— mo)zj| S,y ) dy (5.30)

1 1
SH(r, 1) = j c (E mc2+§Iw2) £(r, 7, 1) dy (5.31)

It is tempting to identify s =s* +s° as the heat flux, but this identification
turns out to be false, as we shall see.
Let us now consider the functions

Bayi{r, v, @) =gy r,mo, + lo,, i=1,2,3
i.e., the components of the vector
M(r,v,0)=mr A v+ ]o (5.32)

which is a collision invariant corresponding to the conservation of the
angular momentum. M depends on r and therefore we treat this case
separately. Multiplying Eq. (3.1) by M(r,, v,, ®,) and integrating over v,
and o,, we obtain

%[pr/\u+n1m0]+(—%'[u(pr/\u-+-n1u)0)+r/\ p*+ K*]

=prAF+n4M (5.33)
where
K*=nIt® (5.34)

is the kinetic contribution to the stress-couple tensor and

nAM= [ (mr, A vy +T0,) T3/, £) dy, (5.35)
Manipulations similar to those used in the preceding cases give

nAM=1a* [ dy, dy, d% &+ v,,0(2"¥,)

x {(mr; AVi+ 0] —mr Av —Im))
x g(ry, vy +ag) f(ry, y,) f(xry +ag, v,)
— [mr; A v+ Ie| — (mr, A v+ I®,)

— mag A (Vi —v1)] g2(ry, 11— ag) f(xy, v,) (£, —ag, y,)} (5.36)
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which can be rewritten as

2

n AM=%de1 dy,d’ee-v,0(e V)

a 9
X L daa {g2(r,—(a—a)g, 1| +ag)

x flry—(a—a)g, y,) flry+ag, py)[mr; —(a—a)e) A V)
+ Jo) —m(r,—(a—a)e) Av,— o, ]} (5.37)
By means of the above procedure, we obtain
0 a
nAM:E;:-—i—del dy, d% do g vy,
X O(g vy,) eg,(r +p—asg, 1 +9p)

X f(ry+p—ag, ) fr,+p,y)[mry A (vi—vy)

+ m(p—ag) A (Vi—v )+ (0] —o;)] (5.38)
Therefore we can write
0 0
= Y — - KC 5.39
nAM ar (ry A P°) ar, K ( )

where

0
K= —1a? f dy, dy, dzsf dee-v,

X O(e-vy,) £g5(r, +p—ag, 1, +p)
x f(ry+p—ag,y) f(r,+p,7,)
x [m(p—ag) A (vi— v, )+ [(®;—0;)] (5.40)

is the collisional contribution to the stress-couple tensor.
Accordingly, Eq. (5.33) may be written as follows:

0 0
—é;(pr A u+nlm0)+a' [u(pr Au+nleg)+rAap+K]l=praF (5.41)

where
K=K*"+K*¢ (5.42)

is the total stress-couple tensor.
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We can now return to the energy equation to interpret the vectors s.
By separating e into its average m, and the deviation from the average

Q=0-0, Q =0 —o, (5.43)

it is easy to show that

s =q“+ Koy, (5.44)
s°=q° + Ko, (5.45)
where
(2 mc? + I.Q )f(r 7, ) dy (5.46)
q = “Zfdyldyzdgj da
0

m 1
< |G+ 5 107 - 0D [ a6 vi) 066w
X gyri+p—ag,r +p) f(r;+p—as, ) filr;+p,72) (547)
are the kinetic and collisional contributions to the heat flux and
Ke= —ia? f dy, dy, d’% r do o) — o) e(g-v,,) Oe-v,)
]

X g(ri+p—agr +p)fi(ry+p—asy,) fi(r;+p,7,) (548)

Accordingly, the energy equation can be rewritten as follows:

0 r, 1
E[p(:iu +§Iw0+e>:|
6 1 2 1 2 k ¢
+_67- pu; Eu +51600+e +u,(p;+ pj)
J
+ cuO,(K]'-‘,+ KJCI) +(qf + qjc)] = pFv; (5.49)

A surprising feature of this equation is the appearance of the tensor K¢ in
place K. The two differ by a term related to instantaneous momentum
transfer from one center of mass to the other in a collision. The rate of
work per unit surface of normal unit vector n is thus different from the rate
of work of the stresses n- (pu) plus that of the stress-couples n* (Kw,), as
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one would expect from a naive analogy with solid bodies and as is indeed
assumed in most work on polar continua.

As early as 1962, Toupin"® remarked that the traditional assumption
on the surface power imposes an unnatural restriction and suggested the
possibility of introducing an extra rate of energy supply, which later Dunn
and Serrin'’® reconsidered under the name of interstitial working. This
seems to be necessary if we want to preserve the classical structure of con-
tinuum mechanics in the presence of transfers of momentum at a distance,
which render less intuitive, if not meaningless, the usual concepts of stress
and heat flux. In our case n- (Keo,) is the working of the stress couples and
n- (K—K) w, is the interstitial working.

6. CONCLUDING REMARKS

The kinetic theory of dense polyatomic gases has been scarcely
studied. The revised Enskog equation for rough spheres appears to have
several interesting properties and to deserve a more systematic study. In
this paper the balance equations have been studied and several useful
properties obtained.

Our results should be of interest not only for gases, but also for
granular materials where kinetic equations for spherical particles have been
recently used to describe the behavior of such materials at high shear
rates.(!¢17

It was pointed out to us that an H theorem for the standard Enskog
equation was given by Grmela and Garcia-Colin'® (see also Karkheck
and Stell'’). We do not understand this result, which leads to an H
function that in equilibrium does not coincide with the opposite of entropy.
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